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1 Introduction

In today’s world, the word inventory problem has become a household term. Inventory
problem arises in every sphere of life right from one’s kitchen to any business enterprise
or industry. In this present era of high competition, every business organisation wants to
be on the top of the market, and is focused to maintain a good relationship with the
customers, for that a perfect inventory policy is required. This unfolds a research area to
many academicians and practitioners in the field of inventory management. A perfect
inventory control system always represents a real market situation and keeps all the
parameters like demand, storage space, etc. up to mark. Since the inception of stocking
process, the researchers have been developing various inventory models incorporating
different parameters like demand, deterioration, shortage, etc. representing the real life
scenarios so as to get insights in decision making. Among these developed models,
enormous emphasis has been given to develop models for deteriorating items in the
recent times. Panda et al. (2017) proposed a volume flexible deteriorating inventory
model with price sensitive demand to maximise total profit per cycle using real-coded
genetic algorithm (RCGA). Kumar (2019) developed an inventory planning problem for
deteriorating items with time varying demand and parabolic time dependent holding cost.
In the aforesaid model, the salvage value was incorporated and it was found that the
salvage coefficient has least impact on the parameters of the inventory system. Jaggi et al.
(2019a) also studied a two-echelon supply chain inventory model for deteriorating items
with displayed stock dependent demand. A partially backlogged inventory model with
linear rate of deterioration and selling price dependent demand was developed by Sahoo
et al. (2019). The said model was solved analytically to minimise total inventory cost.
The work of Jaggi et al. (2019b) is also worth mentioning in the field of inventory
management for deteriorating items.

In most of the inventory models, it is assumed that items get deteriorated instantly on
their arrival in the system. This type of deteriorating item is termed as instantaneous
deteriorating item. But, there are large numbers of items, as for example, electronic
goods, bloods, milk, fresh fruits, vegetables, etc. that maintain their quality or original
condition for a definite period of time. During that span, no deterioration comes into
picture. These items may be classified as non-instantaneous deteriorating items.
Consideration of such type of items in inventory models is much realistic, and this has
been an object for study in the recent decade. Though these items do not deteriorate for a
fixed period of time, but after that definite span of time the effect of deterioration,
however, cannot be overlooked for long run of a business setup. To shrink the
deteriorating rate, many business enterprises have considered preservation technologies
in inventory system in order to reduce economic loss due to deterioration. After the
pioneering contribution by Hsu et al. (2010), lots of models have been developed with the
use of preservation technology. The works by Sarkar et al. (2017) and Zhang et al. (2016)
are worth mentioning in this regard. For non-instantaneous deteriorating items, Dye
(2013) was first to incorporate preservation technology to develop the model with
constant demand and time dependent deterioration rate. Recently, Li et al. (2019)
developed a model for non-instantaneous items with price dependent demand under the
use of preservation technology investment. They extended the Dye’s (2013) model to
study interesting fact that preservation investment affects not only the deterioration rate
but also the length of no-deterioration period of the item.
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Comparison of inventory models with single or two-warehouse under preservation

technology related to this present article

Table 1
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Most of inventory models are developed with different realistic assumptions, and then a
suitable optimisation problem is formulated as cost minimisation or profit maximisation
problem. To solve these types of optimisation problems in an uncertain situation,
researches employ different approaches like, stochastic approach, fuzzy approach,
fuzzy-stochastic approach and interval approach. Among these approaches, interval
approach is more significant. In recent times, it has received considerable attention
from modelling community. In interval approach, we represent impreciseness of the
parameters by interval numbers. For details, one may refer to Rahman et al. (2020a) and
Ruidas et al. (2019).

In the next section, literature review has been given to get a current state of
knowledge about different inventory models in the context of price and time dependent
demand, preservation technology and interval approach for deteriorating items.

2 Literature review

The study of inventory models started in the year 1915. Harris (1915) was the first to
consider economic order quantity (EOQ) inventory model considering constant rate of
demand and no deterioration. But in reality, it is quite natural that most of the items to be
stored deteriorate or decay over time. Thus, in order to make a realistic inventory model
the effect of deterioration cannot be neglected. In literature, deterioration is defined, in
general, as the decay, damage, expiration, spoilage, obsolescence, loss of quality or value
of the stored items. Ghare and Schrader (1963) was the first to consider EOQ model for
deteriorating items. They proposed an EOQ model for exponentially decaying items with
constant demand. Since then, lots of models have been developed for deteriorating items.
Covert and Philip (1973) presented an inventory model for deteriorating items where
deterioration rate follows Weibull distribution. Later, Deb and Chaudhuri (1986)
developed a model for deteriorating items with time dependent demand. Bhunia et al.
(2009), Dave and Patel (1981), Sarkar and Sarkar (2013) and Wee (1997) are some
significant contributions in this direction. For detailed survey, the works of Bakker et al.
(2012) and Goyal and Giri (2001) may be referred. Recently, Singh et al. (2018)
proposed an EOQ model with ramp type demand for decaying items. They considered
items deteriorate at the rate following three-parameter Weibull distribution. Khurana
et al. (2018) developed a production inventory model for time dependent demand and
deterioration. To make it a general one, they allowed production rate to depend on market
demand. Khurana and Chaudhary (2018) proposed an inventory model where demand is
time and stock dependent. They studied the model under partial backlogging (both
constant and time dependent) to see the effect on total cost. Tiwari et al. (2018) proposed
a joint pricing and inventory model under two-level partial trade credit with partial
backlogging shortages. They solved the model analytically and designed a solution
algorithm to maximise profit. Although most of the inventory models assume that items
start deteriorating instantly from the time of arrival in the stock, Wu et al. (2006) was the
first to argue that there are items whose deterioration occur after a definite period of
time. In the recent decade, group of researchers have studied inventory policy for
non-instantaneous deteriorating items, for instance, Chung (2009), Geetha and
Uthayakumar (2010), Ouyang et al. (2006) and Rabbani et al. (2015) are some worth
mentioning papers in this regard. Tiwari et al. (2017) also developed a model for
non-instantaneous deteriorating items with stock dependent demand under inflation and
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partial backlogging. They applied particle swarm optimisation to get the optimal solution.
Recently, Bhaula et al. (2019) studied a model for non-instantaneous deteriorating items
under permissible delay in payment. They allowed successive price discount in selling
price to increase selling of items during the replenishment cycle which is generally
observed in present competitive market.

The classical inventory models are mainly developed by assuming that inventory
manager has single storage facility called own warehouse (OW) with infinite capacity.
But thinking in more practical terms, when suppliers offering concession on bulk
purchases or high demand of items or seasonality, inventory manager may decide to
purchase goods in large quantity at a time. To store excess of the items purchased, we
need another storing facility. This extra storage facility is generally taken on hire basis
called rented warehouse (RW), which is assumed to hold goods abundantly. The effect of
two-warehouse on inventory policy was first discussed by Hartley (1976). He developed
a model with constant demand without allowing shortages. Sarma (1987) further
modified his model allowing fully backlogged shortages. Pakkala and Achary (1992)
proposed a production inventory model for deteriorating items with constant demand.
Later, Bhunia and Maiti (1998) and Lee and Ying (2000) developed two-warehouse
deteriorating inventory models with time dependent demand. Yang (2006) proposed a
two-warehouse inventory model with constant demand and inflation under partial
backlogging. Bhunia et al. (2015), Gayen and Pal (2009) and Shabani et al. (2016)
also considered deterioration from the time of arrival of goods in their developed
two-warehouse inventory models. However, Jaggi et al. (2015) developed two-warehouse
model for non-instantaneous deteriorating items assuming constant demand and complete
backlogging under FIFO policy. Palanivel and Uthayakumar (2016) proposed a
two-warehouse model for non-instantaneous deteriorating items with constant demand
and inflation over finite time horizon and partial backlogging. Palanivel et al. (2016)
further extended the work of Palanivel and Uthayakumar (2016) considering stock
dependent demand. Tiwari et al. (2016) proposed a two-warchouse model for
non-instantaneous deteriorating items under trade credit policy. Udayakumar and Geetha
(2018) also studied a two-warchouse model for non-instantaneous deteriorating items
under trade credit policy. Shaikh et al. (2019a) considered a two-warehouse inventory
model for non-instantaneous deteriorating items under inflationary conditions with stock
dependent demand.

In all the inventory models discussed above, the deterioration rate is either constant or
variable, which is not subject to control. But this deterioration may be put under control
and reduced by applying a suitable preservation technology. For instance, refrigeration
equipment is used in supermarket to reduce the deterioration rate of fruits, vegetables and
sea-foods. Drying, cooling, heating, vacuum packing, etc. are some examples of the
preservation techniques. So far as our survey is concerned, Hsu et al. (2010) were
probably the first to develop a single storage inventory model for deteriorating
(instantaneous) items using preservation technology allowing inventory manager to
invest a certain amount per cycle to reduce deterioration rate. They considered demand to
be constant and backlogging rate is a linear function of waiting time. Dye and Hsieh
(2012) extended Hsu et al.’s (2010) model by assuming time-varying deterioration rate
and preservation technology cost as a function of replenishment cycle length. Hsieh and
Dye (2013) proposed a single storage production inventory model under preservation
technology with time dependent demand. Dye (2013) studied the effect of preservation
technology on non-instantaneous deteriorating items under partial backlogging with
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constant demand rate and preservation cost as a function of replenishment cycle length.
He and Huang (2013) developed a single storage inventory model for seasonable
deteriorating products with price dependent demand under the use of preservation
technology. Mishra (2014) also studied non-instantaneous deteriorating items under the
use of preservation technology. The author assumed demand is a linear function of time,
and allowed partial backlogging during shortage period. Singh and Rathore (2015)
developed a single storage optimal policy for deteriorating items under preservation
technology, constant inflation, time dependent demand and trade credit. Tsao (2016)
considered a model for non-instantaneous deteriorating items with stochastic demand
under the use of preservation technology. Mishra et al. (2017) developed a single storage
inventory model for deteriorating item over finite time horizon. The authors considered
demand as price and stock dependent, and studied the model under both partial and
complete backlogging. Shah et al. (2018) studied the effect of preservation technology
investment on customer service level. They considered demand to depend on time, selling
price, service level, and derived analytical form of dynamic service investment using
Pontryagin’s maximum principle. Pal et al. (2018) have proposed an optimal inventory
policy with constant demand for non-instantaneous deteriorating items. In their model,
the authors considered deterioration start time as random variable and preservation
technology is used to reduce the deterioration rate. Bardhan et al. (2019) also used
preservation technology on non-instantaneous deteriorating items to develop a single
storage inventory model with stock dependent demand. Recently, Singh (2019) proposed
a production model to study the effect of preservation technology on total cost. The
model was solved analytically with and without shortages, and found to be suitable for
items with finite shelf-life.

Demand of an item is also a major concerning point for an inventory manager. In
literature, we have seen different types of demand to exist. Demand may be constant or
function of other variables like time, stock, selling price, advertisement cost, etc. In
today’s competitive world, apart from quality, selling price of an item plays an important
role in customer’s demand. It is one of the decisive factors to the customers for
purchasing an item. It is seen that almost all products are price sensitive that is, increase
in selling price decreases demand and decrease in selling price increases demand. Also,
demand is seen to vary with time. Thus, it is quite practical to consider demand to depend
jointly on time and selling price of the item. In the recent years, price and time dependent
demand has drawn considerable attention of researchers. Chang et al. (2006), Farughi
et al. (2014), Maihami and Kamalabadi (2012), Valliathal and Uthayakumar (2011) and
You (2005) are some notable contributions related to price and time dependent demand.
Recently, Saha and Sen (2019) have developed an EOQ model for deteriorating items
with price and time dependent demand, negative exponential inflation rate and partial
backlogging. Shah and Naik (2018) developed a single warehouse EOQ model for
deteriorating items with price and time dependent demand under full advance payment
with or without shortages. They studied the model under preservation technology
investment to see its effect on average total profit of the system. Rathore et al. (2018)
have proposed a two-warechouse inventory model with advertisement, time and price
dependent demand under the use of preservation technology. To authors’ knowledge, a
few research papers have been reported in literature in connection with price and time
dependent demand, preservation technology investment for two-warehouse inventory
system. A comparison of models with single or two-warchouse for instantaneous and
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non-instantaneous deteriorating items under preservation technology investment has been
presented in Table 1.

While formulating mathematical model for decision making, it is generally assumed
that demand, deterioration and inventory costs like holding cost, ordering cost,
deterioration cost, etc. are precise or constant. However, in reality, we often come across
the situations, especially in engineering design problems, management problems, where it
is difficult to get exact value of the parameters. This may be due to human error or lack
of sufficient data or fluctuation in data or unexpected situations. So, in order to deal with
such impreciseness or uncertainty in parameters, generally, researchers use stochastic
approach or fuzzy approach or fuzzy-stochastic approach or interval approach. In
stochastic approach, parameters are assumed as random variables with known probability
distribution whereas in fuzzy approach parameters are assumed as fuzzy sets with
suitable membership function. Roy et al. (2009) developed an inventory model with stock
dependent demand and random planning horizon. Bhunia and Shaikh (2011) used
Weibull distribution for deterioration in their paper. Duari and Chakrabarti (2016) also
developed two-warchouse inventory model with Weibull distribution for deterioration
and considered stock dependent demand. Saha and Sen (2017) proposed an inventory
model where deterioration follows uniform, beta and triangular distributions. But, it is not
always possible to estimate a probability distribution function due to lake of historical
data, as for example, the case of newly launched products. That is why many researchers
have developed models in fuzzy environment. Chang et al. (1998) proposed an economic
reordering point model for fuzzy backordered quantity. After that, Yao et al. (2000)
developed a fuzzy EOQ inventory model with fuzzy order quantity and fuzzy total
demand quantity. Sen et al. (2016) discussed a fuzzy inventory model considering
triangular fuzzy numbers. Very recently, Indrajitsingha et al. (2019) developed a
two-warehouse inventory model with fuzzy approach, where holding cost, deterioration
rate, shortage cost and lost sale cost are considered as triangular fuzzy numbers.
However, it is not always an easy task to select a suitable membership function.
Therefore, in such cases, interval numbers may come out to be effective because of its
simplicity in representing impreciseness of parameters. For this reason, interval number
approach is growing interest among the researchers over the recent years. In the next
paragraph, a discussion on some important interval related works is done.

Gupta et al. (2007) developed an inventory model under interval uncertainty with
demand depending on selling price, display stock level and frequency of advertisement.
They used genetic algorithm (GA) to obtain the optimum solution. Gupta et al. (2009)
further developed a model with uniform demand where cost parameters are taken as
interval number. They proposed a RCGA with ranking selection to obtain the optimal
solution. Chakrabortty et al. (2010) used multisection technique and interval order
relation to solve a purchasing inventory model. They considered holding cost, ordering
cost and demand as interval numbers. Chakrabortty et al. (2013) also proposed an EOQ
model under interval uncertainty. They considered inventory costs, ordering quantity and
demand as interval numbers. They proposed an optimisation technique based on division
criteria of prescribed/accepted search region. Bhunia and Shaikh (2016) proposed a
two-warehouse inventory model under inflation and linear time dependent demand. They
assumed interval valued inventory cost and used particle swarm optimisation technique to
obtain the optimal solution. A partially integrated production-inventory model was
developed by Bhunia et al. (2017) with selling price and marketing cost dependent
demand, and interval valued inventory cost. They used PSO-CO to solve the problem.
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Ruidas et al. (2018) also developed an EOQ model for defective items and used PSO-CO
to solve the model. Shaikh et al. (2019b) proposed a two-warehouse model with advance
payment scheme, price dependent demand and interval valued cost parameters. They
obtained and compared solution by three variants of PSO (PSC-CO, WQPSO and
GQPSO). Mondal et al. (2019) developed an EOQ model for ameliorating items
following three-parameter Weibull distributed amelioration and deterioration. They
considered advertisement and time dependent demand, and interval valued inventory cost
parameters. They studied the model under both crisp and interval environment. They used
three variants of QPSO to solve the model in both the environments. Recently, Rahman
et al. (2020b) introduced a new type of interval number called type-2 interval number. To
increase the flexibility, they considered the boundary of an interval as interval number.
They extended the earlier definition and proposed new definition of interval arithmetic
and order relation for type-2 interval numbers. Further, they applied this concept to solve
classical EOQ model.

As we know, in interval approach imprecise parameters are generally represented by
interval numbers. As a result, two separate objective functions corresponding lower and
upper limit of an interval are formulated, which leads to multi-objective formulation.
Thus, existing classical or iterative methods cannot used to get optimal solution. For this,
heuristic or meta-heuristic search methods are generally employed to obtain optimal
solution with the help of interval arithmetic and interval order relation (Karmakar and
Bhunia, 2012). Instead of formulating two separate objective functions, parametric
functional form representation of interval number may be used to convert interval valued
parameters so that we get a closed form of expression of the objective function, which
can be solved by existing classical or iterative techniques. This concept of parametric
functional form has already been used in Mahapatra and Mandal (2012), Pal et al. (2013)
and Pal and Mahapatra (2016, 2017). In the field of inventory control theory, for the first
time, this concept was incorporated by Das and Roy (2018). They developed a single
storage EOQ model for non-instantaneous deteriorating items considering inventory costs
as interval numbers. They used parametric functional form to remove the interval
uncertainty of the parameters.

3 Research gap and objective

In the existing literature of inventory modelling, lots of research models have been
developed in crisp and fuzzy environments and some in stochastic environment. In the
recent decade, some significant contributions have also been made in inventory control
theory for instantaneous deteriorating items in the interval environment. But, a few have
been developed for non-instantaneous deteriorating items (Das and Roy, 2018; Shaikh
et al., 2019a). So, motivated by the works of Das and Roy (2018), Rathore et al. (2018),
Shah and Naik (2018) and based on the above literature review, we have observed that no
one has studied two-warehouse inventory model for non-instantaneous deteriorating
items in the context of price and time dependent demand with preservation technology,
when inventory cost parameters and coefficients of demand are imprecise (interval
uncertainty) in nature. Thus, in this paper, an attempt has been made to fill up this gap.
The developed model is a two-warechouse EOQ model for non-instantaneous deteriorating
items that embodies the following features:
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1 Demand is selling price and time dependent.
2 Preservation technology investment is incorporated to reduce deterioration rate.

3 Shortages are allowed to occur and are partially backlogged. The rate of backlogging
depends upon waiting time to the next replenishment.

4  Coefficients of demand function and all the inventory cost parameters: holding costs,
deterioration costs, shortage cost and lost sale cost are constant but imprecise. The
impreciseness of the parameters is presented in terms of interval number.

5 Parametric functional form representation of interval is used to remove
impreciseness of the parameters.

Based on these above features, the corresponding total average cost function is
formulated. The objective of this research work is to determine an optimal ordering
policy that is to find optimal ordering quantity, optimal replenishment time, optimal
pricing and optimal preservation technology investment simultaneously so that the
present worth of the total average cost of the system is minimised. The proposed model
will be useful to the retailers or decision makers because it will help them in taking
important replenishment decisions.

The rest of the paper is organised as follows: in Section 4, a detailed description of
assumptions and notations used in this paper is provided. In Section 5, mathematical
model is formulated and total average cost is calculated. In Section 6, solution procedure
is discussed. In Section 7, a numerical example is taken to illustrate the model. In
Section 8, sensitivity analysis is carried out to study the effects of changes in different
parameters of the system. Finally, in Section 9, conclusions are drawn and future research
direction is indicated.

4 Assumptions and notations

To develop the model, the following assumptions are made.

4.1 Assumptions

e The model deals with single non-instantaneous type of deteriorating item over a
period.

e Demand is selling price and time dependent, where the coefficients of the demand
functions are constant but imprecise.

e  Planning horizon is infinite.
e Lead time is zero.
e Replenishment rate is infinite.

e The system involves a two-warehouse system, one is OW with limited capacity and
other is RW with infinite capacity. For economic reasons, items are first consumed
from RW, and then from OW.
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Deterioration comes into play after a certain period of time, and the rates of
deterioration are different for warehouses.

The holding costs per time per unit, deterioration costs per unit, shortage cost per
time per unit and lost sale cost per time per unit are assumed to be constant but
imprecise.

Holding cost at RW is higher than that of OW due to better preserving facility at
RW. OW is situated at the heart of the market and RW is little away from the market
place.

Transportation cost and transportation time are negligible.
There is no repair or replacement of the items.

Shortages are allowed and are partially backlogged. The backlogging rate is
dependent on the length of waiting time for next replenishment.

Preservation technology is used in order to control the loss due to deterioration.

Notations

following notations are used throughout this paper.

4.2.1 Decision variables

p
t
to

T
¢

per unit selling price of the item

time at which inventory level in RW reaches to zero
time at which inventory level in OW reaches to zero
cycle length

preservation technology cost per unit time.

4.2.2 Parameters

D(p, 1) demand rate of the form d—bp+¢t where 4, b and ¢ are constants

but imprecise

B(t)= H(S(;T—t) backlogging rate where J € (0, 1) is the backlogging parameter and
T'—t is the waiting time tp <t < T

w capacity of OW

ta time after which deterioration of the item starts

St maximum amount of demand backlogged per cycle

0 quantity to be ordered at the beginning of the cycle

Qo(t) OW inventory level at any time ¢ € [0, f]
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o) RW inventory level at any time ¢ € [0, #,]

o0 inventory level at any time ¢ € [0, #]
m&)=1-e7 portion of reduced deterioration rate where y > 0
Orw deterioration rate at RW, 0 < Gz <<'1

Oow deterioration rate at OW, 0 < Oow << 1, Oow > Orw
7 = 61 —m(&)) resultant deterioration rate, i = RW, OW

A ordering cost per order

x per unit purchasing cost of the item, p > x

Hpw =[L, i R]
How =[hL, hR]
dpw =[d\L, diR]
dow =[d>L, d>R]
S, =[S.L, S.R]

L. =[L.L LR]

TAC

imprecise holding cost per time per item in RW
imprecise holding cost per time per item in OW
imprecise deterioration cost per item in RW
imprecise deterioration cost per item in OW
imprecise shortage cost per time per item

imprecise lost sale cost per time per item

total average cost per cycle.
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5 Mathematical model formulation

In this section, the mathematical model based on the assumptions and notations made in
Section 4 is developed, and total average cost is calculated. The considered model is a
two-warehouse inventory model for a single non-instantaneous deteriorating item with
partial backlogging. The model is described as follows: at # = 0, a lot of size Q units enter
the system. A portion S7 of it is used to clear all the backorders. Let O = S + Sr so that on
hand inventory level at the beginning of the cycle is S. Out of these S units, W units are
kept in OW, and the rest that is S — W units are stored in the RW. The items of OW will
be consumed only after consuming the items stored in RW. Since the deterioration is
non-instantaneous, initially, the items do not deteriorate up to the time period #; and then
after the deterioration of items starts. Therefore, in the RW, during the time interval
[0, t4], the inventory level decreases only due to demand, and the inventory level further
depletes due to joint effect demand and deterioration during the time interval [#4, #]. At
t = t., the inventory level in the RW drops to zero. Whereas, in the OW, during the time
interval [0, #;], the inventory level remains unchanged. And during the time interval
[t4, t], the inventory level in OW is depleted only due to deterioration. Further, during the
time interval [#., fy], the inventory level in OW decreases due to combine effect of
demand and deterioration, and finally it drops to zero at # = #. In the shortage period
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[to, T], demand is partially backlogged at the rate ﬁ The behaviour of the
+ p—

inventory model during the period is demonstrated in Figure 1.

Figure 1 Graphical representation of a two ware house inventory model
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Since the inventory level in RW decreases during [0, #;] only due to demand, the
differential equation representing the inventory level is given by:

%JFDA:O,OStStd Q)

With the condition 0,(0) =S — W, the solution of equation (1) is
A D ¢
Q,(t)=S—W—(a—bp)t—Et2,OStStd Q)

In the next interval [z4, t], the inventory level in RW decreases due to demand and
deterioration. Therefore, the governing differential equation is as below:

thr +TRWQr +D:O, td SISIV (3)

With the boundary condition Q«(¢,) = 0, the solution of equation (3) is
t 2 éTRW

Q,(f) = —e‘””” |:(& —Bp)t+{TRW (d —bAp)+é}E+Tt3:l+e_ertA1, td <t< tr (4)

where
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A A 2 ;
A =(a—bp)t, +{ran (d—bp)+é}%+cr%tﬁ )
Since QA1) is continuous at ¢ = t4, putting ¢ = #; in equations (2) and (4), the value of
maximum inventory level per cycle (S) is calculated as below:

_ A~ 7 A~ 7 A (trz_tg) Ctryy
S =e W (Cl-bp)(t,-—td)+{TRW (a_bp)+c}T+T(t§_t3) +W

A

(6)

+(a=-bp)ts +§t§

In OW, during the time interval [0, #;], there is no change in the inventory level, and
during [t;, ], the inventory level decreases due deterioration only. Therefore, the
corresponding differential equations are:

dQo

M _o0<r<y 7
” d 7
%"'TOWQO =0,1; <t<t, (®

The solutions to equations (7) and (8) with the boundary conditions Qy(0) = W and
Qo(ts) = W are given below:

Q()=W,0<t<1, ©)
O (t) =Wetor = t, <t <t, (10)

During [#,, %], the inventory level in OW depletes due to both demand and deterioration.
Thus, the rate of change in the inventory level is given by:

dthO+T0WQ0+l’j=0’trStSto (1

With the boundary condition Qo(#) = 0, we obtain the solution to equation (11) as below:
N PPN F S
O (t) = e on! [(a —bp)t+{rOW (a —bp) +c}?+cr%t3}+e‘mw’/lz, t<t<ty (12)

where

A2 :(d—bAp)to +{TOW (d—b’\p)ﬁ'é}%'l'érgw tg (13)

Considering the continuity of Qo(f) at ¢+ = ¢, we get the following relation from
equations (10) and (12):

Ay = Ay + Wetonta (14)
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Again, during the interval [#,, T], the shortages occur and demand is partially backlogged

at the rate 15(1—T) The differential equation representing the inventory level is given
+6(T —t
by
—d§S+BD:O,zoszST (15)
t

Using the boundary condition Qs(f) = 0, the solution to equation (15) is obtained as
below:

2 2

Qs(t)=K(t—t0)+M’°2’ Lt <t<T (16)

where

K =(a-bp) (0T -1)+eT25 and M =(a—bp)d+E(5T +1) (17)
Putting ¢ = T in equation (16), we get the maximum backordered inventory as below:

Sr :—QS(T):—[KT—KtO +%t§ —%TZ} (18)
Therefore, from equations (6) and (18), the quantity to be ordered per cycle is:

0=S+Sr

2_42) 4
— el [(&_5},)(1,, —td)+{TRW (&—l;p)+é}(t,- zfd) +a%(tr3 —tfz)} (19)

A7 C M M
+W+(a—bp)td +%t§ — KT+ Kty —7t§ +7T2

Let gy =a, Z&—bp, b ZTkw(&—bp)+é, b, ZTow(&—bp)+é, ] ZéTRw,Cz ZéTOW

IZ él’RW
i+

Wy =W +Wrowty and Ay Z(&—Ep)ld +{TRW (&—Bp)+é} ) )

£ (20)

. .6 . . . .
Since 7; =6;e7’ =?S0,« <<1, by using Taylor’s expansion and neglecting higher
e

order terms, we get e % =1—17;t and e" =1+1;t, where i = RW, OW. For simplicity of
calculations, these approximations and the notations made in equation (20) will be used
to calculate expressions for different costs involved in the system.

The total average cost per cycle has the following elements:

1  Since the replenishment is done at the beginning, ordering cost per cycle is OC = 4.

2 The inventory holding cost in RW during [0, 7] is
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t
HCry = [:]RWIQV(I)dt
0

tq by
= Ay j o (t)dt+I:IRW.|.Q,. (t)dt
0 tq

zﬁm{}Wu—%mﬁ—%&s+me+@+&ﬂm+%cﬁ+bﬁ—@)H—QMW%
—4m+%mﬁ+%h§+éqg+45—%mﬁ—éhﬁ—%qﬁ+%4$mw
_laltszW _lblt3TRW _icltSTRW _lAltrZTRW +lalf;’TRW +lbll‘fTRW

3 8 10 2 3 8
+lclt,51'RWj|

10

3 The inventory holding cost in OW during [0, 77 is

to
HCoy = How J' O, (t)dt
0

:I:IOWJ.QO(I)dt+I:[OW'|.QO([)d[+F]OWJ.QO([)d[
0

tq t

= I:IOW |:—thV1 +t.W +1Wt§T0W —th,g‘L'OW + Aty —lazté —lbzlg
2 2 2 6
—lczt4 — Aot +la2t2 +lb2t3 +lcztf‘ —lAztzr +la 31 +lb tir,
8 0 r 2 r 6 r 8 ¥ 2 otow 3 2t tow 8 2t tLOow
+LC2ISTOW +1A2IETOW _laZtETOW _lbzt;‘TOW _LCZZrSTOW + Vth:|
10 2 3 8 10

4 The deterioration cost in RW during [0, 7] is

t
DCRW = dARW J‘ ‘l'Rer (f)dl

td

= dpwtrw [—A.td +%alt§ +%b.tj +éc|tj + A, —%a,t,z —%bltf —éc,tﬁ
+1A1t57RW _laltijW _lbltg'[RW _LcltijW _lAltrszW +la1tr3‘[RW
2 3 8 10 2 3
+lblt;‘tRW +Lc|t,5rRW}
8 10

5 The deterioration cost in OW during [0, 7] is
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o
DCop =dow I tow Qo (¥)dt

td
b 100

= dow j 2ow Qo (O)dt +dow j Zow Qo (t)dt

tq 1

. ' B P T

=dowtow | —tsW) +t,. W] +—Wth0W ——Wtitow + Aty ——arty ——bzlo
2 2 2 6

1 1 1 1 1 1
—gcﬂg — A, +Ea2t3 +gb2f,:} +§Czt;} _EAzthOW +§d2t8T0W
+—b2l4T0W +L6‘215‘[0W +—A212T0W —lagl‘j"l'ow —lbzté}l'ow _LCZﬁ‘[OW:l

g " 10 °° 2 3 8 10
6  The shortage cost involved in the system is

T
SC=-8. J' O, (¢)dt
]

=S, [E(T2 ~12)— Kt (T—t0)+£t§ (T—19) —M(T3 - )}
2 2 6
7  The lost sale cost due to partial backlogging is

T
LSC=1, J' [1- B(t)| Ddt

to
=i la A Cra_ s A ¢, 3 M sy
=1L, aT—pr+ET —at0+bpt0—5t0 +L. K(T—t0)+7(t0—T)
8  The purchase cost is
PC =xQ
A7 ¢ M M
:){W—%(a—bp)td +§t§ +(1_Tthd)(A1 —A3)—KT+KIO —7[(% +?T2:|
9  The preservation technology investment is
PTI =T¢

Thus, adding all these costs calculated above, we get the total average cost per cycle as
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TAC =(p,t,,t,T,&) = %[ordering cost + holding cost in OW

+deterioration cost in RW + deterioration cost in OW + shortage cost
+lost sale cost + purchase cost + preservation technology investment]
= %[OC+HCRW + HCop +DCryy + DCryy +SC + LSC + PC + PTI|
= %[A+3RWTRW [—Altd +%a1t§ +%b1t3 +%clt;‘ + Aty —%altﬁ —%bltf —écltﬁ‘
+1AII§TRW _laltszW ——bitjtrw _LcltngW _lAltrZTRW +lalt3TRw

2 3 8 10 2 3
Lt +LclterW}+ dowTow [—tdWl +1,M +1Wz§row .

8 10 2 2
+ Ayt —%cﬂg —%aztg —%bztg —%cztg — Ast, +%a2t3 +%b2t§ +%c2tﬁ‘
—lAzl‘gTOW +la2t310W +lb2t3T0W +cht3r0W +1A2t,2r0W —laztfrow

2 3 8 10 2 3

1, | ~ 1, 1., A 7
_gbzt, Tow —Ecztr ‘L'OW:|+HRW {—Wtd —Ealtd —g% +1y {W—k(a +bp)td

1 1 1 1 1
+5Ct5 +(A1 —A3)(1—ld‘L'RW )}—Altd +Ea1t§ +gb1t3 +§Clt3 + At, —Ealt,?

1 1 1 1 1 1 1
——ht ——att +— A try ——aBtry ——biti gy —— it TR — — Ait?T
6b1 81 21dRW 31dRW 8bldRW loldRW ) 1L TR

1 1 1 ~ 1
+§a1t3’rRW +§b1t:}TRW +Eclt§TRW:|+HOW |:_tdn/1 +trVVl +EW15TOW

1 1 1 1 1 1 1
—EWIZ‘L'OW + Aty —Eaztg —gbzlg —§02té — Ao, +Ea2t3 +gb2f,§ +§Czl;‘
——AthTOW +ldzf3TOW +lb214T0W +L02ls‘[0w +—A212‘[0W —ldzf3fow

2770 377 g " T 27 377

1 1 ~ | K
—gbsz-‘fow —Ecszfow +Vth:|_Sc [?(TZ —13)—Kf0 (T-19)

+%t§ (T—to)—%(T3 -3 )}LAC (&T—l;pT+§T2 — Gty + bpty —%tg)

A

A M R
L {K(T‘fo)Jf?(f& —Tz)}+x[W+(&—bp)td +%z§
+(1=tawta ) (4 — 4)— KT + K1y —%té +%T2}+Tf}

Our objective is to minimise 74C, which is a function of five variables. The necessary
condition for optimal solution is
oTAC _0 dTAC —0 dTAC ~0 dTAC dTAC

, =0and —— =0 (21)
dp ot, oty oT o&

B )
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The values of p, ¢, t, T and ¢ obtained by solving equation (21) will be optimal if the
Hessian matrix H,, given below is positive definite.

[92TAC  9*TAC 9°TAC 9*TAC 9*TAC |
ap? opot.  dpdty  OpdT  Ipd¢
OTAC  02TAC 9TAC 0°TAC 9*TAC
ot,.dp ot? ot,0ty, 0t.0T  0t.0¢
02TAC 0°TAC 9*TAC 9°TAC 9*TAC
dtydp  Ityo, o2 0te0T  0tyo&
02TAC 02TAC 9*TAC 9°TAC 9*TAC
0Tdp  dTdt,  9dTdk oT? dTd&
02TAC 0°TAC 9*TAC 9°TAC 9*TAC
| o&dp  d&dt,  0&dty  IEOT &2

6 Solution procedure

In this work, parametric functional form representation (see Appendix 1) of interval
number is used to represent the imprecise parameters. Interval parameters have been
represented in parametric form as an expression and used to find the total average cost of
the system. Normally, using the interval, two separate objective functions are formulated
corresponding to lower and upper limits of an interval whose optimisation requires
heuristic or meta-heuristic search methods. Here, the parametric approach is used to get
the closed form of expression of the objective function, which leads to a single objective
optimisation problem, and hence can be solved by exiting classical or numerical methods.
This approach of parametric functional form has been used in Das and Roy (2018). As
the objective function in our model is highly nonlinear in nature, it is not possible to
solve it analytically. So, we have solved the model numerically. The following steps are
adopted to get the optimal values of p, ¢, t, T, &, O and TAC.

Algorithm

Stepl  Set the parameters: 4, ts, W, x, 0, y, Orw and Gop.

A

Step2  Set the imprecise values of a, 13, &, Hyw, How . drw c;’OW, S. and I, in terms of
interval numbers.

Step 3 Find the values of a(m), b(m), c(m), Hrw(m), How(m), drw(m), dow(m), S«(m) and
L(m) using parametric functional form for a particular value of m.

Step4 Evaluate the total average cost function TAC.
Step 5 Find the optimal values of the decision variables.

Step 6 Calculate the optimal values Q" and TAC".
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7 Numerical illustration

In this section, a numerical example is provided for illustrating the model. The following
values of parameter are taken as input:
A=Rs1000, 7, =3/12=0.25 yr., W =200 units, x = Rs70 per unit, 6 = 0.02,
y=0.3, Orw =0.015 and Gy =0.5.

The imprecise values of inventory parameters represented by interval numbers are as
follows:

4 =[1000,1050], b =[2,3],é =[L, 2], L. =[4, 5], S. =[2, 3], dxiw =[1.5, 2],
dow =2, 4], Hew =[4, 6], How =[2,3].

Using the parametric functional form for m = 0.5, we have,

a(m)=1024.7, b(m) = 2.44949, c(m) = 1.41421, Hpyy (m) = 4.89898,
How (m) = 2.44949, d gy (m) =1.73205, doy (m) = 2.82843, L.(m) = 4.47214,
S, (m) = 2.44949.

The optimal solution obtained is as below:

p" =Rs199.516 = Rs200, ¢y =0.41667 yr., t; =2.13094 yr.,, T" =2.46427 yr.,
& =Rsl0.

And the optimal values of the ordering quantity and total average cost are respectively

0" =602.865 ~ 603 units, TAC = Rs21599.1 = Rs21600.

The above optimal solution is obtained for m = 0.5. The reason for taking m = 0.5 is that
corresponding to m = 0.5, we get the least total average cost among the optimal solutions
(presented in Table 2) obtained for different values of m. Moreover, in Table 2, along
with the optimal solutions, we represent the approximate values of a(m), b(m), c(m),
Hrw(m), How(m), drw(m), dow(m), S«(m) and L.(m) using parametric functional form for
different values of m. The benefit of varying m from 0 to 1 is that we use lower,
intermediate and upper bounds of the interval valued parameters to obtain the
corresponding optimal solutions of the model. It is observed from Table 2 that when m
increases from 0 to 0.4, there are some fluctuations in the optimal values TAC". The same
trend is also observed in case of #5,T", p* and Q". But when m moves from 0.5 to 1,

TAC® as well as O increases. Whereas the values of f#;, 7" and p* decrease when m

moves from 0.5 to 1. Some fluctuations in the values of ¢ and & are observed when m

moves from 0 to 1. Graphical representations of the optimal values with respect to
different values of m are given in Appendix 2. In the next section, we perform sensitivity
analysis of the optimal solution obtained for m = 0.5.
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Optimal solutions obtained for different values of m

Table 2
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8 Sensitivity analysis
In this section, to study the effect of changes in the parameters values on the optimal

values, we perform sensitivity analysis. These analyses have been carried out by
changing one parameter by +5% and +10% at a time and keeping other parameters at

their original values. The results of these analyses are shown in Table 3 to Table 8.

Table 3 Sensitivity table for 4
A ‘¢ f T & P’ o TAC
10% 1,100 0.416667 2.05231 2.38564 10 108.988 769.749 28,194.9
5% 1,050 0.416667 2.06515 2.39848 10 133.766 724229 26,387.5
0% 1,000 041667 2.13094 2.46427 10 199.516  602.865 21,599.1
—5% 950  0.468247 3.07203 3.43032 10.0101 264.386 513.318 21,040.5
-10% 900 0.577903  1.92417 2.77241 10.8231 274.194 704.846 20,511.1
Table 4 Sensitivity table for Orw
Orw t f T & p o TAC*
10% 0.0165 0.416668 2.07175 2.40509 10 134.395 722418 26,321.5
5% 0.01575 0.416667 2.07578 2.40911 10 133.573  723.904 26,380.7
0% 0.015 0.41667 2.13094 2.46427 10 199.516 602.865 21,599.1
—5% 0.01425 0.417579  2.1081  2.44053 10.001 181.679 635.061 22,907.6
-10%  0.0135 0.416667 2.07467  2.408 10 148.643  696.19 25,2913
Table 5 Sensitivity table for fow
Bow & t T & P o TAC*
10% 0.55 0.496701 2.10664 2.71841 89765 112.269 1,031.11 30,068.2
5% 0.525 0.496923 1.88601 2.36723 10.3177 159.976 819918 28,827.3
0% 0.5 0.41667 2.13094 2.46427 10 199.516 602.865 21,599.1
-5% 0.475 0518639 1.76474 2.55244 103144 275.612 657.583 19,588
-10% 0.45 0.54142  1.83367 2.61667 11.1094 285.542  632.094 18,941.7
Table 6 Sensitivity table for x
x ‘& f I & P’ o TAC*
10% 77 0417602 2.16311  2.49562 10.001  191.148 618.309 23,9704
5% 73.5 0.416667 2.07025 2.40358 10 91.7801 800.6  30,562.6
0% 70 0.41667  2.13094  2.46427 10 199.516 602.865 21,599.1
—5% 66.5 0.470724 0.944707 1.2765 11.9442 67.0482 891.435 48,569.6
-10% 63 0.416667  2.02123  2.35456 10 142.334  707.779 23,6713
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Table 7 Sensitivity table for ¢
) t t T & p Q" TAC”
10% 0.022 0.416667 1.54859 1.88192 12 141.172  709.798 32,717.9
5% 0.021 0.416667 2.10171 2.43504 10 167.626 661.356 23,9164
0% 0.02 0.41667  2.13094 2.46427 10 199.516  602.865 21,599.1
—5% 0.019 0.416667 2.05904  2.39237 10 107.125 77247 28,288.4
-10% 0.018 0.416667 1.54867 1.882 12 141.196  709.906 32,720.9
Table 8 Sensitivity table for W
w & t T & P o TAC*
10% 220  0.417651 2.07349 2.4059  10.001  110.005 787.203 28,631.5
5% 210 0.416667 2.07232 2.40565 10 130.264  739.959 26,886.4
0% 200 0.41667  2.13094 2.46427 10 199.516  602.865 21,599.1
—5% 190  0.431673 2.04731 2.41747 10.1435 251.925 517.826 18,211.5
-10% 180  0.436465 1.92869 2.26208 10.8963 279.923 442.009 17,121.7

The following observations can be obtained from Table 3 to Table 8:

TAC" increases with the increase in the parameters 4 which is quite apparent. At
first, it increases gradually (for —10% to —0% change in A) then increases rapidly (for
0% to 10% change in A). TAC" increases sharply with the increase in the parameter
Bow, which is fairly usual occurrence. Similar high increase in the values of TAC™ is
noticed with the increase of the parameter /7. When the values of parameters Gy, 0

and x increase, TAC™ fluctuates very significantly. This indicates that TAC™ is highly
sensitive with regard to all the parameters 4, Orw, Gow, x, 6 and W.

Q" shows high rise in its values when W increases. Very significant variations in the
values of Q" are also observed for the changes in the parameters 8oy and x. However,
Q" changes reasonably with the increase in 4, Gz and d. This means that Q" is
highly sensitive with respect to ow, x and W; moderately sensitive with respect to 4,
QRW and J.

Similar analysis shows that the change in ¢ with the increase in fow is significant.
When A4 changes from —10% to 0%, the value of #; decrease reasonably but its value
remains unchanged corresponding to 5% and 10% change in 4. Moreover, ¢,
changes slightly with the changes in x and W, and it remains almost static with the
changes in @z and J. This specifies that ¢ is moderately sensitive with respect to 4

and Oow; less sensitive with respect to x and W; very less sensitive with respect to
QRW and .

& shows some fluctuations with the increase in the values of Goy and J increase. But,
when Ggy increases, &* remains almost constant. Moreover, slight fluctuations in the
values of ¢ are observed with changes in the values of the parameters A4, x and W.
This indicates that &* is moderately sensitive with regard to Oow and J; less sensitive
with regard to 4, x and W; very less sensitive with regard to Ggp.
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e The shortage occurrence time () is highly sensitive to the changes in 4, Gow, x, &

and W, it is moderately sensitive to the change in fz. Similar trends are also
observed for 7*. That is, the replenishment time 7™ is highly sensitive with respect to
A, Qow, x, 0 and W; it is moderately sensitive with respect to Gry.

e The effects of increase in the values of 4, Gow and W on p* are very significant.
p" decreases rapidly with the increase in the values of the mentioned parameters.
Noticeable variations are also observed with the increase in the values of Gzw, 6 and
x. Thus, similar to TAC", p* is also highly sensitive with regard to all the parameters
A, eRw, eow, X, oand W.

9 Conclusions

This paper considers a two-warehouse EOQ model for non-instantaneous deteriorating
items with price and time dependent demand under interval environment. The
coefficients of demand and all inventory cost parameters are considered as interval
numbers to represent the practical market situation as these are not always fixed in real
life. Shortages have been allowed in the model to make a more realistic scenario, and are
partially backlogged at the variable rate dependent on the length of waiting time to the
next replenishment. Further, in order to reduce the deterioration rate, preservation
technology investment is made in both the warchouses (RW and OW). In the present
work, the concept of parametric functional form representation of interval numbers is
used to find out total average cost of the model. The advantage of using parametric form
is that we get a closed form of expression of the objective function, and can be solved by
existing classical or numerical method. To authors’ best knowledge, this type of
two-warehouse inventory model for non-instantaneous deteriorating items with price and
time dependent demand, preservation technology under interval environment has not
been reported yet in inventory literature. This work is very helpful to the retailers for
decision making in the real market situations where the uncertainty in inventory cost
parameters persists. The aim of this present study is to determine retailer’s optimal
ordering policy so that present worth of the total average cost is minimised. The
corresponding two-warehouse inventory model has been developed, and solved
numerically due the high nonlinear nature of the objective function. Further, sensitivity
analysis (in Section 8) is carried out to study the effects of different parameters on the
optimal solution. Based on the analysis, we obtain some useful managerial insights that
are highlighted through the following points:

e As the increase in ordering cost increases the total cost per unit time significantly, it
is advisable for the decision maker to make decision in lowering investment towards
ordering cost. That is, if we curtail the ordering cost, then we may have significant
amount of saving, and the total cost per unit time is automatically minimised. So,
from practical aspect this model is valid.

e As the unit purchasing cost has significant affects not only on total cost per unit time
but also on ordering quantity (as observed form Table 6), it is advisable for the
decision maker to perform sufficient analysis on unit purchase cost before buying
items.
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e As the capacity of OW decreases, total cost per unit time as well as ordering quantity
decreases while the selling price increases (as observed from Table 8). Thus, the
inventory manager should be encouraged to have OW of lower capacity in order to
reduce the total cost per unit time. Further, organisation has an incentive to increase
the selling price.

Moreover, this article considers that items are received as soon as it is ordered that is, the
lead time is zero. But, in many cases, we observe a delay in receiving items due
unavoidable circumstances that could actually make impact in decision making. Again, in
this model, transportation cost for transporting items from RW to OW is neglected.
But in practice, extra costs like labour charges, vehicle fares, etc., while transporting
commodities from RW to OW, are generally incurred in the system. So, one may
contemplate and study upon these limitations of this paper. Also, for further research, this
present model may be enhanced in different ways. One such way is to incorporate trade
credit (single level or two-level) policy. Another extension of this model can be done by
considering advertisement factor in demand function. Again, one may also think of
studying this model in fuzzy or stochastic environment.

References

Bakker, M., Riezebos, J. and Teunter, R.H. (2012) ‘Review of inventory systems with deterioration
since 2001°, European Journal of Operational Research, Vol. 221, No. 2, pp.275-284.

Bardhan, S., Pal, H. and Giri, B.C. (2019) ‘Optimal replenishment policy and preservation
technology investment for a non-instantaneous deteriorating item with stock-dependent
demand’, Operational Research, Vol. 19, No. 2, pp.347-368.

Bhaula, B., Dash, J.K. and Kumar, M.R. (2019) ‘An optimal inventory model for perishable items
under successive price discounts with permissible delay in payments’, Opsearch, Vol. 56,
No. 1, pp.261-281.

Bhunia, A.K. and Maiti, M. (1998) ‘A two warehouse inventory model for deteriorating items with
a linear trend in demand and shortages’, Journal of the Operational Research Society, Vol. 49,
No. 3, pp.287-292.

Bhunia, A.K. and Shaikh, A.A. (2011) ‘A deterministic model for deteriorating items with
displayed inventory level dependent demand rate incorporating marketing decisions with
transportation cost’, International Journal of Industrial Engineering Computations, Vol. 2,
No. 3, pp.547-562.

Bhunia, A.K. and Shaikh, A.A. (2016) ‘Investigation of two-warehouse inventory problems in
interval environment under inflation via particle swarm optimization’, Mathematical and
Computer Modelling of Dynamical Systems, Vol. 22, No. 2, pp.160—179.

Bhunia, A.K., Kundu, S., Sannigrahi, T. and Goyal, S.K. (2009) ‘An application of tournament
genetic algorithm in a marketing oriented economic production lot-size model for
deteriorating items’, International Journal of Production Economics, Vol. 119, No. 1,
pp-112-121.

Bhunia, A.K., Shaikh, A.A. and Cérdenas-Barron, L.E. (2017) ‘A partially integrated
production-inventory model with interval valued inventory costs, variable demand and flexible
reliability’, Applied Soft Computing, Vol. 55, No. 1, pp.491-502,.

Bhunia, A.K., Shaikh, A.A. and Gupta, R. (2015) ‘A study on two-warehouse partially backlogged
deteriorating inventory models under inflation via particle swarm optimisation’, International
Journal of Systems Science, Vol. 46, No. 6, pp.1036-1050.



A partially backlogged two-warehouse EOQ model 173

Chakrabortty, S., Madhumangal, P.A.L. and Nayak, P.K. (2013) ‘An algorithm for solution of an
interval valued EOQ model’, An International Journal of Optimization and Control: Theories
& Applications, Vol. 3, No. 1, pp.55-64.

Chakrabortty, S., Pal, M. and Nayak, P.K. (2010) ‘Multi section technique to solve interval-valued
purchasing inventory models without shortages’, Journal of Information and Computing
Science, Vol. 5, No. 3, pp.173-182.

Chang, H.J., Teng, J.T., Ouyang, L.Y. and Dye, C.Y. (2006) ‘Retailer’s optimal pricing and
lot-sizing policies for deteriorating items with partial backlogging’, European Journal of
Operational Research, Vol. 168, No. 1, pp.51-64.

Chang, S.C., Yao, J.S. and Lee, HM. (1998) ‘Economic reorder point for fuzzy backorder
quantity’, European Journal of Operational Research, Vol. 109, No. 1, pp.183-202.

Chung, K.J. (2009) ‘A complete proof on the solution procedure for non-instantaneous
deteriorating items with permissible delay in payment’, Computers & Industrial Engineering,
Vol. 56, No. 1, pp.267-273.

Covert, R.P. and Philip, G.C. (1973) ‘An EOQ model for items with Weibull distribution
deterioration’, AIIE Transactions, Vol. 5, No. 4, pp.323-326.

Das, A.K. and Roy, T.K. (2018) ‘An imprecise EOQ model for non-instantaneous deteriorating
item with imprecise inventory parameters using interval number’, International Journal of
Applied and Computational Mathematics, Vol. 4, No. 2, pp.79-94.

Dave, U. and Patel, L.K. (1981) ‘(T, Si) policy inventory model for deteriorating items with
time proportional demand’, Journal of the Operational Research Society, Vol. 32, No. 2,
pp.137-142.

Deb, M. and Chaudhuri, K.S. (1986) ‘An EOQ model for items with finite rate of production and
variable rate of deterioration’, Opsearch, Vol. 23, No. 1, pp.175-181.

Duari, N.K. and Chakrabarti, T. (2016) ‘Optimal ordering policy for deteriorating items with
power-form stock dependent demand and shortages under two-warehouse facility’,
International Journal of Information Research and Review, Vol. 3, No. 12, pp.3347-3360.

Dye, C.Y. (2013) ‘The effect of preservation technology investment on a non-instantaneous
deteriorating inventory model’, Omega, Vol. 41, No. 5, pp.872—880.

Dye, C.Y. and Hsieh, T.P. (2012) ‘An optimal replenishment policy for deteriorating items with
effective investment in preservation technology’, European Journal of Operational Research,
Vol. 218, No. 1, pp.106-112.

Farughi, H., Khanlarzade, N. and Yegane, B. (2014) ‘Pricing and inventory control policy for
non-instantaneous deteriorating items with time-and price-dependent demand and partial
backlogging’, Decision Science Letters, Vol. 3, No. 3, pp.325-334.

Gayen, M. and Pal, A.K. (2009) ‘A two ware house inventory model for deteriorating items
with stock dependent demand rate and holding cost’, Operational Research, Vol. 9, No. 2,
pp-153-165.

Geetha, K.V. and Uthayakumar, R. (2010) ‘Economic design of an inventory policy for
non-instantaneous deteriorating items under permissible delay in payments’, Journal of
Computational and Applied Mathematics, Vol. 233, No. 10, pp.2492-2505.

Ghare, P.M. and Schrader, G.H. (1963) ‘A model for exponentially decaying inventory systems’,
International Journal of Production Research, Vol. 21, No. 1, pp.449-460.

Goyal, S.K. and Giri, B.C. (2001) ‘Recent trends in modeling of deteriorating inventory’, European
Journal of Operational Research, Vol. 134, No. 1, pp.1-16.

Gupta, R.K., Bhunia, A.K. and Goyal, S.K. (2007) ‘An application of genetic algorithm in a
marketing oriented inventory model with interval valued inventory costs and three-component
demand rate dependent on displayed stock level’, Applied Mathematics and Computation,
Vol. 192, No. 2, pp.466—478.

Gupta, R.K., Bhunia, A K. and Goyal, S.K. (2009) ‘An application of genetic algorithm in solving

an inventory model with advance payment and interval valued inventory costs’, Mathematical
and Computer Modelling, Vol. 49, Nos. 5-6, pp.893-905.



174 B.K. Nath and N. Sen

Harris, F.W. (1915) ‘Operations and cost, factory management’, Production and Operation, Vol. 5,
No. 1, pp.1-6.

Hartley, R.V. (1976) Operations Research — A Managerial Emphasis, pp.315-317, Good Year
Publishing Company, California.

He, Y. and Huang, H. (2013) ‘Optimizing inventory and pricing policy for seasonal deteriorating
products with preservation technology investment’, Journal of Industrial Engineering,
Vol. 2013, No. 1, pp.1-7.

Hsieh, T.P. and Dye, C.Y. (2013) ‘A production-inventory model incorporating the effect of
preservation technology investment when demand is fluctuating with time’, Journal of
Computational and Applied Mathematics, Vol. 239, No. 1, pp.25-36.

Hsu, P.H., Wee, HM. and Teng, H.M. (2010) ‘Preservation technology investment for
deteriorating inventory’, International Journal of Production Economics, Vol. 124, No. 2,
pp-388-394.

Indrajitsingha, S.K., Samanta, P., Raju, L.K. and Misra, U. (2019) ‘Two-storage inventory model
for deteriorating items with price dependent demand and shortages under partial backlogged in
fuzzy approach’, LogForum, Vol. 15, No. 4, pp.487-499.

Jaggi, C.K., Gupta, M., Kausar, A. and Tiwari, S. (2019a) ‘Inventory and credit decisions for
deteriorating items with displayed stock dependent demand in two-echelon supply chain using
Stackelberg and Nash equilibrium solution’, Annals of Operations Research, Vol. 274,
Nos. 1-2, pp.309-329.

Jaggi, C.K., Tiwari, S., Gupta, M. and Wee, H.M. (2019b) ‘Impact of credit financing, storage
system and changing demand on investment for deteriorating items’, International Journal of
Systems Science: Operations & Logistics, Vol. 6, No. 2, pp.143—161.

Jaggi, C.K., Verma, P. and Gupta, M. (2015) ‘Ordering policy for non-instantaneous deteriorating
items in two warehouse environment with shortages’, International Journal of Logistics
Systems and Management, Vol. 22, No. 1, pp.103-124.

Karmakar, S. and Bhunia, A.K. (2012) ‘A comparative study of different order relations of
intervals’, Reliable Computing, Vol. 16, No. 2, pp.38-72.

Khurana, D. and Chaudhary, R.R. (2018) ‘An order level inventory model for deteriorating stock
product and time dependent demand under shortages’, Int. J. Mathematics in Operational
Research, Vol. 12, No. 3, pp.331-349.

Khurana, D., Tayal, S. and Singh, S.R. (2018) ‘An EPQ model for deteriorating items with variable
demand rate and allowable shortages’, Int. J. Mathematics in Operational Research, Vol. 12,
No. 1, pp.117-128.

Kumar, P. (2019) ‘An inventory planning problem for time-varying linear demand and parabolic
holding cost with salvage value’, Croatian Operational Research Review, Vol. 10, No. 2,
pp-187-199.

Lee, C.C. and Ying, C. (2000) ‘Optimal inventory policy for deteriorating items with
two-warchouse and time-dependent demands’, Production Planning & Control, Vol. 11,
No. 7, pp.689—-696.

Lee, Y.P. and Dye, C.Y. (2012) ‘An inventory model for deteriorating items under stock-dependent
demand and controllable deterioration rate’, Computers & Industrial Engineering, Vol. 63,
No. 2, pp.474—482.

Li, G., He, X., Zhou, J. and Wu, H. (2019) ‘Pricing, replenishment and preservation technology
investment decisions for non-instantaneous deteriorating items’, Omega, Vol. 84, No. 1,
pp-114-126.

Mahapatra, G.S. and Mandal, T.K. (2012) ‘Posynomial parametric geometric programming with
interval valued coefficient’, Journal of Optimization Theory and Applications, Vol. 154,
No. 1, pp.120-132.

Maihami, R. and Kamalabadi, LN. (2012) ‘Joint pricing and inventory control for
non-instantaneous deteriorating items with partial backlogging and time and price dependent
demand’, International Journal of Production Economics, Vol. 136, No. 1, pp.116-122.



A partially backlogged two-warehouse EOQ model 175

Mishra, U., Cardenas-Barron, L.E., Tiwari, S., Shaikh, A.A. and Trevifio-Garza, G. (2017)
‘An inventory model under price and stock dependent demand for controllable deterioration
rate with shortages and preservation technology investment’, Annals of Operations Research,
Vol. 254, Nos. 1-2, pp.165-190.

Mishra, V.K. (2014) ‘Controllable deterioration rate for time-dependent demand and time-varying
holding cost’, Yugoslav Journal of Operations Research, Vol. 24, No. 1, pp.87-98.

Mondal, R., Shaikh, A.A. and Bhunia, A.K. (2019) ‘Crisp and interval inventory models for
ameliorating item with Weibull distributed amelioration and deterioration via different
variants of quantum behaved particle swarm optimization-based techniques’, Mathematical
and Computer Modelling of Dynamical Systems, Vol. 25, No. 6, pp.602—626.

Ouyang, L.Y., Wu, K.S. and Yang, C.T. (2006) ‘A study on an inventory model for
non-instantaneous deteriorating items with permissible delay in payments’, Computers &
Industrial Engineering, Vol. 51, No. 4, pp.637-651.

Pakkala, T.P.M. and Achary, K.K. (1992) ‘A deterministic inventory model for deteriorating items
with two warehouses and finite replenishment rate’, European Journal of Operational
Research, Vol. 57, No. 1, pp.71-76.

Pal, D. and Mahapatra, G.S. (2016) ‘Dynamic behavior of a predator—prey system of combined
harvesting with interval-valued rate parameters’, Nonlinear Dynamics, Vol. 83, No. 4,
pp-2113-2123.

Pal, D. and Mahapatra, G.S. (2017) ‘Parametric functional representation of interval number with
arithmetic operations’, International Journal of Applied and Computational Mathematics,
Vol. 3, No. 2, pp.459—469.

Pal, D., Mahapatra, G.S. and Samanta, G.P. (2013) ‘Optimal harvesting of prey-predator system
with interval biological parameters: a bioeconomic model’, Mathematical Biosciences,
Vol. 241, No. 2, pp.181-187.

Pal, H., Bardhan, S. and Giri, B.C. (2018) ‘Optimal replenishment policy for non-instantancously
perishable items with preservation technology and random deterioration start time’,
International Journal of Management Science and Engineering Management, Vol. 13, No. 3,
pp.188-199.

Palanivel, M. and Uthayakumar, R. (2016) ‘Two-warehouse inventory model for non-instantaneous
deteriorating items with partial backlogging and inflation over a finite time horizon’,
Opsearch, Vol. 53, No. 2, pp.278-302.

Palanivel, M., Sundararajan, R. and Uthayakumar, R. (2016) ‘Two-warehouse inventory model
with non-instantaneously deteriorating items, stock-dependent demand, shortages and
inflation’, Journal of Management Analytics, Vol. 3, No. 2, pp.152—-173.

Panda, S., Saha, S., Modak, N.M. and Sana, S.S. (2017) ‘A volume flexible deteriorating inventory
model with price sensitive demand’, Tékhne, Vol. 15, No. 2, pp.117-123.

Pervin, M., Roy, S.K. and Weber, G.W. (2019) ‘Deteriorating inventory with preservation
technology under price and stock-sensitive demand’, Journal of Industrial & Management
Optimization, Vol. 13, No. 5, pp.1-28.

Rabbani, M., Zia, N.P. and Rafiei, H. (2015) ‘Coordinated replenishment and marketing policies
for non-instantaneous stock deterioration problem’, Computers & Industrial Engineering,
Vol. 88, No. 1, pp.49-62.

Rahman, M.S., Duary, A., Shaikh, A.A. and Bhunia, A.K. (2020a) ‘An application of parametric
approach for interval differential equation in inventory model for deteriorating items with
selling-price-dependent demand’, Neural Computing and Applications [online] https://doi.org/
10.1007/500521-020-04806-w.

Rahman, M.S., Shaikh, A.A. and Bhunia, A.K. (2020b) ‘On type-2 interval with interval
mathematics and order relations: its applications in inventory control’, International Journal
of Systems Science: Operations & Logistics [online] https://doi.org/10.1080/23302674.2020.
1754499.



176 B.K. Nath and N. Sen

Rathore, H. and Singh, A. (2018) ‘Two-warehouse model with preservation technology investment
and advertisement dependent demand over a finite horizon’, Journal of Physics: Conf. Series,
Vol. 1139, No. 1, pp.1-9.

Rathore, H., Singh, A. and Singh, G. (2018) ‘A two-warehouse for deteriorating items with
advertisement dependent demand and preservation technology investment’, International
Journal of Pure and Applied Mathematics, Vol. 118, No. 22, pp.1505-1512.

Roy, A., Maiti, M.K., Kar, S. and Maiti, M. (2009) ‘An inventory model for a deteriorating item
with displayed stock dependent demand under fuzzy inflation and time discounting over a
random planning horizon’, Applied Mathematical Modelling, Vol. 33, No. 2, pp.744-759.

Ruidas, S., Seikh, M.R., Nayak, P.K. and Pal, M. (2018) ‘Interval valued EOQ model with
two types of defective items’, Journal of Statistics and Management Systems, Vol. 21, No. 6,
pp-1059-1082.

Ruidas, S., Seikh, M.R., Nayak, P.K. and Sarkar, B. (2019) ‘A single period production inventory
model in interval environment with price revision’, International Journal of Applied
and Computational Mathematics, Vol. 5, No. 1 [online] https://doi.org/10.1007/s40819-018-
0591-x.

Saha, S. and Sen, N. (2017) ‘A study on inventory model with negative exponential demand and
probabilistic deterioration under backlogging’, Uncertain Supply Chain Management, Vol. 5,
No. 2, pp.77-88.

Saha, S. and Sen, N. (2019) ‘An inventory model for deteriorating items with time and price
dependent demand and shortages under the effect of inflation’, International Journal of
Mathematics in Operational Research, Vol. 14, No. 3, pp.377-388.

Sahoo, A.K., Indrajitsingha, S.K., Samanta, P.N. and Misra, U.K. (2019) ‘Selling price dependent
demand with allowable shortages model under partially backlogged-deteriorating items’,
International Journal of Applied and Computational Mathematics, Vol. 5, No. 4, pp.104-116.

Sarkar, B. and Sarkar, S. (2013) ‘Variable deterioration and demand — an inventory model’,
Economic Modelling, Vol. 31, No. 1, pp.548-556.

Sarkar, B., Mandal, B. and Sarkar, S. (2017) ‘Preservation of deteriorating seasonal products with
stock-dependent consumption rate and shortages’, Journal of Industrial and Management
Optimization, Vol. 13, No. 1, pp.187-206.

Sarma, K.V.S. (1987) ‘A deterministic order level inventory model for deteriorating items with
two storage facilities’, European Journal of Operational Research, Vol. 29, No. 1, pp.70-73.

Sen, N., Nath, B.K. and Saha, S. (2016) ‘A fuzzy inventory model for deteriorating items based on
different defuzzification techniques’, American J. of Math. & Stat., Vol. 6, No. 3, pp.128—137.

Shabani, S., Mirzazadeh, A. and Sharifi, E. (2016) ‘A two-warehouse inventory model with fuzzy
deterioration rate and fuzzy demand rate under conditionally permissible delay in payment’,
Journal of Industrial and Production Engineering, Vol. 33, No. 2, pp.134-142.

Shah, N.H. and Naik, M.K. (2018) ‘EOQ model for deteriorating item under full advance payment
availing of discount when demand is price-sensitive’, International Journal of Supply Chain
and Operations Resilience, Vol. 3, No. 2, pp.163—-197.

Shah, N.H., Chaudhari, U. and Jani, M.Y. (2018) ‘Optimal control analysis for service, inventory
and preservation technology investment’, International Journal of Systems Science:
Operations & Logistics, Vol. 6, No. 2, pp.130-142.

Shaikh, A.A., Cardenas-Barron, L.E. and Tiwari, S. (2019a) ‘A two-warehouse inventory model
for non-instantaneous deteriorating items with interval-valued inventory costs and
stock-dependent demand under inflationary conditions’, Neural Computing and Applications,
Vol. 31, No. 6, pp.1931-1948.

Shaikh, A.A., Das, S.C., Bhunia, A K., Panda, G.C. and Khan, M.A.A. (2019b) ‘A two-warchouse
EOQ model with interval-valued inventory cost and advance payment for deteriorating item
under particle swarm optimization’, Soft Computing, Vol. 23, No. 24, pp.13531-13546.



A partially backlogged two-warehouse EOQ model 177

Singh, D. (2019) ‘Production inventory model of deteriorating items with holding cost, stock, and
selling price with backlog’, Int. J. Mathematics in Operational Research, Vol. 14, No. 2,
pp-290-305.

Singh, S.R. and Rathore, H. (2015) ‘Optimal payment policy with preservation technology
investment and shortages under trade credit’, Indian Journal of Science and Technology,
Vol. 8, No. S7, pp.203-212.

Singh, S.R. and Rathore, H. (2016) ‘A two warehouse inventory model with preservation
technology investment and partial backlogging’, Scientia Iranica, Vol. 23, No. 4,
pp.1952-1958.

Singh, S.R., Jain, S. and Dem, H. (2013) ‘Two storage production model with imperfect quality for
decaying items under preservation’, Procedia Technology, Vol. 10, No. 1, pp.208-215.

Singh, T., Mishra, P.J. and Pattanayak, H. (2018) ‘An EOQ inventory model for deteriorating items
with time-dependent deterioration rate, ramp-type demand rate and shortages’, Int. J.
Mathematics in Operational Research, Vol. 12, No. 4, pp.423—437.

Tiwari, S., Cardenas-Barron, L.E., Goh, M. and Shaikh, A.A. (2018) ‘Joint pricing and inventory
model for deteriorating items with expiration dates and partial backlogging under two-level
partial trade credits in supply chain’, International Journal of Production Economics,
Vol. 200, No. 1, pp.16-36.

Tiwari, S., Cardenas-Barron, L.E., Khanna, A. and Jaggi, C.K. (2016) ‘Impact of trade credit and
inflation on retailer’s ordering policies for non-instantaneous deteriorating items in a
two-warehouse environment’, International Journal of Production Economics, Vol. 176,
No. 1, pp.154-169.

Tiwari, S., Jaggi, C.K., Bhunia, A.K., Shaikh, A.A. and Goh, M. (2017) ‘Two-warehouse inventory
model for non-instantaneous deteriorating items with stock-dependent demand and inflation
using particle swarm optimization’, Annals of Operations Research, Vol. 254, Nos. 1-2,
pp-401-423.

Tsao, Y.C. (2016) ‘Joint location, inventory, and preservation decisions for non-instantaneous
deterioration items under delay in payments’, International Journal of Systems Science,
Vol. 47, No. 3, pp.572-585.

Udayakumar, R. and Geetha, K.V. (2018) ‘An EOQ model for non-instantaneous deteriorating
items with two levels of storage under trade credit policy’, Journal of Industrial Engineering
International, Vol. 14, No. 2, pp.343-365.

Valliathal, M. and Uthayakumar, R. (2011) ‘Optimal pricing and replenishment policies of an EOQ
model for non-instantaneous deteriorating items with shortages’, The International Journal of
Advanced Manufacturing Technology, Vol. 54, Nos. 1-4, pp.361-371.

Wee, H.M. (1997) ‘A replenishment policy for items with a price-dependent demand and a varying
rate of deterioration’, Production Planning & Control, Vol. 8, No. 5, pp.494—499.

Wu, K.S., Ouyang, L.Y. and Yang, C.T. (2006) ‘An optimal replenishment policy for
non-instantaneous deteriorating items with stock-dependent demand and partial backlogging’,
International Journal of Production Economics, Vol. 101, No. 2, pp.369-384.

Yang, H.L. (2006) ‘Two-warechouse partial backlogging inventory models for deteriorating
items under inflation’, International Journal of Production Economics, Vol. 103, No. 1,
pp-362-370.

Yao, J.S., Chang, S.C. and Su, J.S. (2000) ‘Fuzzy inventory without backorder for fuzzy order
quantity and fuzzy total demand quantity’, Computers & Operations Research, Vol. 27,
No. 10, pp.935-962.

You, P.S. (2005) ‘Inventory policy for products with price and time-dependent demands’, Journal
of the Operational Research Society, Vol. 6, No. 7, pp.870-873.

Zhang, J., Wei, Q., Zhang, Q. and Tang, W. (2016) ‘Pricing, service, and preservation technology

investments policy for deteriorating items under common resource constraints’, Computers
and Industrial Engineering, Vol. 95, No. 5, pp.1-9.



178 B.K. Nath and N. Sen
Appendix 1

This appendix includes definitions of interval number and its parametric functional form
representation. These definitions have been taken from Das and Roy (2018).

Definition 1

We define an interval number A as a closed interval [aL, aR] = {x € R: aL <x < aR},
where al, aR are lower and upper bounds respectively and R is the set of real numbers.

To represent an interval number, we define the corresponding interval function as
below.

Definition 2

Let A =[aL, aR] be an interval number, where aR > al > 0. Then, interval function

corresponding to the interval number A is nothing but a real valued function f: [0, 1]
— R defined by fim) = (al)"™(aR)" for all m € [0, 1]. It is easy to see that fim)
is a monotone increasing function. Clearly, f0) = aL, f(1) = aR. This implies that
fim) € [aL, aR].

For convenience, we denote interval function corresponding to interval number
A= [aL, aR] as A(m) that is, A(m) = f(m) = (aL)'"(aR)™. This representation of interval
number as a real number is called parametric functional form representation.

For the following interval numbers:

a=[aL,aR],b=[bL,bR),c=[cL, cR], Hgw =[hL, WR], How =[hL, hR],
drw =[d\L, diR], dow =[d>L, d3R), S. =[S.L, S.R), L. =[L.L, L.R]

The corresponding parametric functional form representations are as below:
a(m)=(aL)""(aR)", b(m) = (bL)""" (bR)", c(m) = (cL)" " (cR)",
Huwr(m)= (L) ™" (WR)" , How (m) = (L) ™" (lR)",
du (m) = (L) ™" (diR)" , dow (m) = (L) ™" (d2R)" ,

Se(m)=(SeL) ™" (S.R)", Lo(m) = (LeL) ™" (LR)".

Appendix 2

This appendix includes graphs showing variations of optimal values TAC",T",¢&", ),

ty, O" and p* with m.
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Figure 2  Plot of TAC" for different values of m (see online version for colours)
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Figure 3 Plot of 7" for different values of m (see online version for colours)

2.5

1.5

T*

0.5

Figure 4 Plot of & for different values of m (see online version for colours)

12
11.5 ﬂ
11

10.5 I\

9.5 T T 1




180 B.K. Nath and N. Sen

Figure 5 Plot of ¢ for different values of m (see online version for colours)
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Figure 8 Plot of p* for different values of m (see online version for colours)
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